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STOCHASTIC OPERATORS OF ACTION IMPACT: FORMALISATION
AND MULTI-STEP REGULARISED LEARNING

This paper proposes a formalisation of action impact in stochastic dynamical systems as a dedicated stochastic operator
acting on system states. Accurate modelling of action impact is an important problem in sequential decision-making under
uncertainty, since in many real-world systems actions are applied repeatedly and their consequences propagate through system
dynamics over time. While modern machine learning approaches, including reinforcement learning and conditional density
estimation, can approximate short-term transitions, the behaviour of learned models under recursive multi-step application
remains insufficiently studied. In most existing frameworks, transition dynamics are embedded within policy optimisation
or trajectory prediction objectives and are rarely treated as independent modelling entities. In the proposed approach, the action
impact operator maps the current system state and applied action to a conditional distribution of future states and is defined
with explicit compositional structure. This enables the analysis of recursive operator application across multiple time steps.
A learning objective is introduced that combines one-step negative log-likelihood with a multi-step consistency term derived from
operator composition. The central hypothesis of the study is that one-step maximum likelihood training does not guarantee stable
long-horizon behaviour when the learned operator is recursively applied. To investigate this hypothesis, empirical evaluation
is conducted in a fully observable stochastic dynamical system using a minimal realisable linear Gaussian model. The empirical
results show that purely one-step training leads to long-horizon degradation, including accumulation of trajectory error
and systematic underestimation of predictive uncertainty. Introducing explicit multi-step regularisation significantly improves
long-horizon stability and uncertainty calibration, and the improvement persists beyond the training horizon. The proposed
formulation establishes a basis for modelling action impact in stochastic dynamical systems and provides a machine-learning
framework for robust modelling of recursively applied transitions. This provides a foundation for further research in partially
observable environments, nonlinear architectures, and decision-support systems.

Key words: stochastic dynamical systems, action impact operator, recursive composition; multi-step regularisation,
uncertainty calibration, long-horizon stability;, machine learning.

3aika b. 10., €Epuios C. B. Cmoxacmuuni onepamopu ennugy 0iil: hopmanizayis ma 6azamoxporose pezyiapu3oeane
HAGUAHHA

Y cmammi 3anpononosano gopmanizayito enaugy 0ill y CMOXACMUYHUX OUHAMIUHUX CUCEMAX Y 6U2isidi OKpeMozo
cmoxacmuuno2o onepamopd, wo oic na cmanu cucmemy. Toune mooenioganns anau8Y Oill € BAXCIUBOI0 NPOOIEMOIO NOCTIO068HO20
NPUHAMMS. pilens 3a YMO8 HeGUIHAYEeHOC, OCKIIbKY 8 Dazamuvox peanbhux cucmemax Oii 3acmocogyionbcs noGmopHo, a
IXHI HACTIOKU NOWUPIOIOMbCSL Yepe3 OUHAMIKY CUCTEMU 3 NAUHOM Yacy. Xoua cyuacHi nioxoou MAwUHHO20 HABYAHHS, 30KpeMa
HABUAHHSL 3 NIOKDINIEHHAM A OYIHIOBAHHS YMOGHUX WLIbHOCMEN PO3NOOLTY, 30AMHI ANPOKCUMYBAMU KOPOMKOCHIPOKOSI
nepexoou, nogedinka HasueHux Mooeneli npu pekypCUsHoMy 0azamoKkpoKo8OMY 3ACMOCYBAHHI 3ATUUACTbCA HEOOCANHbO
oocriddceror. YV Oinvuocmi icHyOUUX nioxodie OuHamixa nepexodig iHmMe2posana 8 3a0ayi onmumizayii norimuxu a6o
NPOCHO3Y8AHHA MPAECKMOPIlL i PIOKO PO321A0AEMbCA AK CAMOCHIlIHULL 06 €Km M0Oeno8ants. Y 3anpononosanomy nioxooi
onepamop enaugy Oii 61000padicac NOMOYHULL CIMAH CUCeMU A 3ACMOCOBAHY 0il0 8 YMOBHULL PO3NOOLT MAUOYMHIX CManie
I BUBHAYAEMbCA 3 ABHOI0 KOMNO3UYIliHOI0 cmpykmypoio. Lle 0o3gonse ananizyeamu pexkypcugHe 3acmocy8anHs Onepamopa
NPOMSI2OM KiTbKOX KPOKI6 4acy. 3anponoHo8aHo yinbosy (ByHKYiI0 HAGYAHHS, IKA NOEOHYE OOHOKPOKOBY He2amugHy 102apumiuny
npagoonodioHicmy i3 000amMKOBUM YTEHOM OA2AMOKPOKOBOT Y3200HCEHOCHIE, OMPUMAHUM I3 KOMRO3uyii onepamopa. Llenmpanvha
2inomesa 00CniOJNceHHs: NOAAAE 8 MOMY, U0 OOHOKPOKOBE HABUAHHA 34 NPUHYUNOM MAKCUMATbHOI npasoonodionocmi He
eapanmye cmaobinbhoi 00820CMPOKOGOT NOGEOIHKY Y GUNAOKY PEKYPCUBHO20 3ACMOCY8AHHS HagueHo2o onepamopd. s
nepesipxu yici einomesu npoeedeHo emnipuune 00CHIONCEHHSI VY NOBHICHIO CNOCHMEPENCYBAHIU CIMOXACMUYHIN OUHAMIYHIN
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cucmemi 3 BUKOPUCTNAHHAM MIHIMATbHOI peani3osroi TiHIIHOT eaycigcykoi Modeni. Emnipuuni pesynomamu noxasyons, wo
0OHOKPOKOBe HABUAHHA NPU3BOOUMb 00 CYMMEBOL deepadayii 0azamoKpoKosUx NPOHO3i8, 30KpeMa 00 HAKONUYEHHs NOXUOKU
MPAekmopii ma cucmemMamuuHoi He0OOUiHKU NPOSHOCMUYHOI HesusHaueHocmi. 3anposadxcenns A6HOI 0a2amoKpokosoi
peyrapuzayii cymmeeo noKpaufye 00820CMpoKosy CmMabiNbHiCMb | KaniOpy8anHs HeGU3HAYEHOCHI, NPUYOMY NOZUMUGHUL
eghexm 30epicacmvpca 3a MedCcamy 20pUOHMY HABUAHHA. 3aNPONOHOBAHA (HOPMANI3aYis 6CIMAHOBTIOE OCHOBU MOOETI0BAHHS
8nausy Oill y CMOXACMUYHUX OUHAMIYHUX CUCMeMAX | NPONOHYE MAWMUHHO-HABYATLHY OCHOBY Oisl HAOIIIHO20 MOOENI0BAHHA
DEKYPCUBHO 3ACMOCOBY8ANUX nepexodis. Lle cmeopioe nidtpyHmsa 0ns NOOAnbUUX 00CTIONCEHb Y YACMKOBO CHOCHEDEHCYBAHUX
cepedosuax, HeiHIIHUX ApXimeKmypax ma CUcmemax niOMmpuUMKY NPUUHAMMA pitieHs.

KittouoBi cnoa: cmoxacmuyni Ounamiyni cucmemu, onepamop éniugy 0ii, peKypCUusHa KOMno3uyis, 0a2amoKpoxoea
pe2ynapu3ayis, KaniopyeanHs HeGU3HAYEHOC, 00820CMPOKO8A CIMADIIbHICHIb, MAUUHHE HABUAHHSL.

Formulation of the problem. Complex dynamical systems operating under uncertainty arise in artificial
intelligence [1], project management [2], epidemic modeling [3], student profiling [4], friction brake systems [5],
inventory management [6] and other well-known fields. In such systems, actions are applied repeatedly over time,
and their consequences propagate through stochastic dynamics. A central difficulty is not only the selection of
locally effective decisions, but the understanding of how action effects accumulate under recursive application of the
transition mechanism. Questions of uncertainty propagation, stability, and long-term behaviour have been studied in
dynamic optimisation and decision-support contexts [1-6].

In modern data-driven settings, however, the transition mechanism is rarely known a priori and must be
inferred from observational or experimental data. This shifts the problem from analytical specification of dynamics
to statistical learning of action-dependent stochastic transitions. Within machine learning, such tasks are typically
addressed through predictive modelling, reinforcement learning, or conditional density estimation. Yet even in these
formulations, the learned transition mechanism is commonly embedded within broader objectives such as return
maximisation or trajectory reconstruction [7-9].

This paper adopts a different perspective. Rather than treating action-conditioned dynamics as an internal
component of a larger predictive or control framework, it considers action impact as a dedicated stochastic operator
acting on system states. The central object of interest is therefore not a policy or value function, but a parametric
operator that maps the current state and applied action to a conditional distribution over future states. This makes it
possible to study not only immediate action effects, but also the behaviour of recursively composed operators over
multiple time steps.

The purpose of the article is to formalise and investigate the action impact operator as a standalone stochastic
mapping that governs the distributional evolution of system states under applied actions. Specifically, the goals of
the paper are:

1. to introduce a general theoretical framework in which the effect of an action is represented as a stochastic
operator with explicit compositional structure;

2. to formulate a learning objective that enforces both one-step distributional fidelity and multi-step consistency
under recursive operator composition;

3. to evaluate, in a fully observable setting, whether explicit regularisation under recursive composition
improves long-horizon stability and uncertainty calibration compared to purely one-step estimation.

By achieving these objectives, the study aims to establish methodological foundations for operator-level
modelling of action impact in stochastic dynamical systems, providing a basis for subsequent extensions toward
partially observable environments and broader decision-support applications.

Analysis of recent research and publications. Understanding how actions impact the evolution of a
dynamical system is central across control theory, reinforcement learning, and causal modeling. However, most
existing approaches embed action-dependent transitions into broader optimisation objectives, such as trajectory
prediction or policy optimisation, rather than treating the action-induced stochastic transformation as an autonomous
object of estimation. To clarify the conceptual position of the proposed approach, this section reviews existing
frameworks that model action-dependent dynamics.

State-space modelling (SSM) remains one of the principal paradigms for controlled dynamical systems. In
general form, such systems are represented as

Xy =S U W), = 80X V), (D)
where x, denotes the latent state, u, is the control input, y, is the observed output and w,, v, represent stochastic
factors. Recent developments extend this framework through neural and latent-variable parameterisations.
Forgione and Piga [10] develop Bayesian neural SSMs for nonlinear system identification with posterior predictive
uncertainty. Hu et al. [11] reinterpret SSM architectures as scalable neural operators suitable for long-horizon and
chaotic dynamics. Volkmann et al. [12] focus on generative reconstruction of latent dynamical geometry from
short time series. Despite methodological differences, these approaches share a predictive orientation: they aim
to accurately reconstruct trajectories or system evolution under observed inputs, without isolating the stochastic

operator of action impact as an independent modelling entity.
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Model-based reinforcement learning (MBRL) integrates learned dynamics directly into policy optimisation.
World-model approaches such as DreamerV3 [13] employ recurrent latent SSMs trained via reconstruction and
reward objectives, enabling imagination-based planning entirely in latent space. Hybrid recurrent state-space
formulations under exogenous noise [14] further combine representation learning with actor—critic optimisation,
while uncertainty-aware Dyna-style algorithms such as MACURA [15] adapt rollout length based on epistemic
uncertainty. Although these methods learn transition models, the dynamics component remains instrumental: its
value is measured by improvement in expected return rather than by the fidelity of the action-induced stochastic
transformation itself. Thus, even in uncertainty-aware or latent formulations, the learned model is not interpreted as
a standalone operator mapping actions to distributions over future states.

For partially observable systems, belief-state approaches propagate uncertainty over latent states conditioned
on observation—action history. Planning in belief space is rigorously analysed by Barenboim et al. [16], who
demonstrate that common pruning strategies in Monte Carlo planning may bias value estimation in hybrid belief
partially observable Markov decision processes. Arcieri et al. [17] address model inference and robust policy
learning under parameter uncertainty, combining posterior sampling of transition and observation models with deep
reinforcement learning and domain randomisation. Although these approaches explicitly maintain probabilistic
beliefs and propagate uncertainty, belief states ultimately serve policy optimisation and value estimation, rather
than being interpreted as representations of action-induced transformations of system dynamics.

A more structural perspective on interventions arises in dynamical extensions of causal modelling. Peters
et al. [18] formulate causal kinetic models for continuous-time systems, separating intervention mechanisms
from stochastic disturbance structure. Lozano-Duran and Arranz [19] develop an information-theoretic view of
causality and control based on entropy and information flux, while causal reinforcement-learning formulations [20]
incorporate causal structure into transition and decision models to improve robustness and generalisation. Although
these approaches clarify intervention semantics, they do not usually formulate action impact itself as a separately
learned stochastic operator over future-state distributions.

Complementary Bayesian approaches to sequential decision-making under limited data, such as the pessimistic
framework for dynamic treatment regimes proposed by Zhou et al. [21], emphasise uncertainty quantification and
conservative policy evaluation in offline reinforcement learning. By constructing posterior-based lower confidence
bounds for value functions, such methods provide regret guarantees under incomplete coverage. This improves
uncertainty-aware policy evaluation, but the modelling emphasis remains on value estimation and policy choice
rather than on direct estimation of the stochastic transformation induced by actions.

Thus, across state-space modelling, model-based reinforcement learning, causal dynamical analysis, belief-
based inference, and Bayesian offline decision-making, action-dependent transitions are usually embedded within
prediction, planning, or evaluation pipelines. In contrast, the present work considers the action impact mechanism
itself as a standalone stochastic operator and studies its learning under recursive composition.

Theoretical formalisation of the action impact operator. The analysis of existing approaches indicates
that, despite substantial progress in modelling dynamical systems, reinforcement learning, belief-state inference,
and causal reasoning, the effect of an action is rarely formalized as an autonomous stochastic operator acting on
system evolution. To address this gap, we adopt a formulation in which the primary object of interest is not a policy
or value function, but a stochastic operator of action impact governing the transformation of system states over a
finite time interval.

In general, real dynamical systems may be only partially observable. However, in the present study, we
restrict attention to the fully observable setting. This assumption is adopted deliberately in order to isolate and
analyse the properties of the stochastic action impact operator itself, without introducing additional modelling
complexity related to state inference. Treatment of partial observability, belief-state construction, and learned
filtering mechanisms constitutes a distinct methodological direction and lies beyond the scope of the current work.
These aspects will be investigated in subsequent studies as a natural continuation of the proposed framework, where
the foundations established here will be extended to latent-state and partially observable environments. By focusing
on the fully observable case, we ensure that the operator learning principles can be examined in a controlled and
conceptually transparent setting before addressing the additional challenges of state estimation.

Let x € X denote the state of a dynamical system and u(¢) € U is the applied action. The full system dynamics
can be expressed in general form as

(2 + A1) = f(x(0), u(®), £)), 2

where £(f) represents exogenous stochastic factors. Instead of directly modelling the function f, we introduce the
action impact operator Z, , defined on a fixed time interval A¢, such that

x(t+ A ~ T, (- | x(2), u(®)). (3)

Here, 7 (- | x, u) denotes the conditional distribution of the future state induced by action u applied in state x.
In this formulation, the action is interpreted not merely as an input variable, but as a generator of a stochastic
transformation of the state distribution.
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The cumulative effect of actions over a horizon H = mAt is described through operator composition
T,=TI" =T, 0..00,, )
|

m operators

which captures the trajectory-level impact of sequential interventions.
In practice, however, the action impact operator Z, is not directly accessible. Instead, we are given data 7
generated by the system under a sequence of applied actions:

T
T ={x(t),u(t)} . (5)
These data consist of time-indexed records of system evolution, from which the underlying transition

mechanism must be inferred. The learning objective is therefore to construct a parametric approximation Z i, of the
action impact operator Z, such that, for each admissible pair (x(?), u(?)), it reproduces the conditional distribution of
action-induced consequences over the interval Az:

-0
x(t+A)~T, (-] x(2),u(2)). (6)
Here, 6 denotes the model parameters to be estimated from data. The resulting model defines a predictive
distribution over future states and serves as a learned approximation of the unknown impact mechanism.
Beyond one-step transitions, it is essential that the learned operator preserves consistency under temporal
composition. For a horizon H = mAt, the model-induced multi-step operator is defined analogously to (4) as

~0 -6 -6 -0
x(t+H)~Ty(1x(t)u(tzt+h)), Ty=Zgo..0Ty, (7)
m operators
and must yield coherent predictions of the system state distribution at # + H time under a sequence of actions
u(t : t + h), where h = H — At. Ensuring such multi-step consistency constitutes a requirement of the proposed
operator-learning framework.
The problem addressed in this work can be stated as follows: given data 7, construct a stochastic operator

model 7 GA/ whose one-step and multi-step compositions accurately capture the distributional impact of actions on
system evolution.

The above formulation establishes the object of learning at a conceptual level. To make this objective precise,
the notion of accurate capture must be expressed in distributional terms.

Let ID(:|]-) denote a divergence between probability measures. The one-step approximation quality is
characterized by the divergence functional

D, (0) =E[ID)(IM(-|x(t),u(t))ll fit(-|x(t),u(t))ﬂ. ®)

This functional quantifies how well the learned operator reproduces the conditional distribution of the next
state induced by an action over a single time increment At.
In addition to one-step fidelity, the learned operator must remain consistent under temporal composition.

Using the composed operators Z,, and 7 : defined in (4), (7), the cumulative discrepancy over a horizon H = mAt is
described by the divergence functional

D, ()= E[D(IH (e(e)su(e e+ W) Ty (che(r) (e t+h)))}. ©9)

Controlling both D, (0) and D, (0) ensures that the learned action impact operator captures not only local
stochastic transitions but also the distributional consequences of sequential actions over extended horizons.

Training objective. As was mentioned before, the true operators 7, and Z,, are unknown. Therefore, the
divergence functionals defined in (8) and (9) cannot be evaluated directly. In practice, learning must rely on the
dataset 7 introduced in (5).

For notational convenience and compactness, the discrete-time representation of dataset 7 is introduced:

K-1
T ={(xou%)f, (10)

where x, :=x(¢), u, .= u(t), t, =kAt, k=0,1, ... K.

The theoretical divergence functional D, (0) is then approximated empirically by replacing the expectation
over the unknown data-generating distribution with an average over observed transitions. When the divergence I
is instantiated as the Kullback—Leibler divergence between conditional distributions, the corresponding empirical
objective reduces to the negative log-likelihood of the observed next states under the learned operator model. The

corresponding empirical one-step objective C u(8) is defined as
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~ 1 K-1 ~0
ﬁAt(e):__ZIOgIm(xkﬂ|x/m”k)' (11)
K k=0

Multi-step consistency is incorporated by evaluating how well the learned operator assigns probability to
observed state outcomes over horizon H = mAt. Concretely, for each starting index k&, we consider the observed
action subsequence u, , ~ and the corresponding observed future state x, available in the trajectory. The learned

one-step operator Z Z, is applied recursively (analogously to the composition in (10)) to obtain the model-implied
conditional distribution of x, given the initial state x, and the action sequence u, . The empirical multi-step
objective is then defined through the negative log-likelihood of the observed horizon state under this composed

operator model. The corresponding multi-step objective Lx (8) is given by

K-m-1

A 1 o
Lu (9) = “Kem kz_(; logIOH ('xk+m s Uipmes ) (12)

The overall training objective Z(e) is defined as a weighted combination of the one-step L, (6) and multi-
step £ «#(0) objectives:

L(08)=L,, (0)+1L,(6), (13)

where A > 0 balances one-step accuracy and multi-step stability.
The learning problem is formulated as:

min £(0). (14)

Minimal realisable stochastic operator model. To study the learning behaviour of the action impact operator
under controlled conditions, we consider a minimal realisable parametric model. The goal of this construction is
not to build the most expressive model, but to isolate the structural properties of operator learning and recursive
composition in a setting where the data-generating mechanism can be represented within the chosen model class.

In the experiments, the conditional distribution of the next state given the current state and action is instantiated
as a Gaussian stochastic operator. Specifically, the learned operator defines a conditional distribution

T2 (1o ) = N (g (304), 25 ) (15)

where p(x,, #,) € R‘and £, € R?*“ denote the mean and covariance of the distribution predicted by a parametric
model with parameters 0, d is the dimension of the state space. Under this formulation, the learned operator defines
a probabilistic transition mechanism that maps each state-action pair (x,, ©,) to a distribution over future states. The
empirical training objective introduced in (13)—(14) then corresponds to maximising the likelihood of observed
transitions under this conditional distribution while enforcing multi-step consistency through recursive operator
application.

The Gaussian formulation provides a simple and analytically tractable instantiation of the stochastic operator
while remaining sufficiently expressive for the synthetic environment considered in this study. It is important to note
that the proposed operator-learning framework is not limited to the specific choice of conditional distribution. More
expressive density models could be incorporated within the same framework, but their investigation lies beyond the
scope of the present work.

Multi-step rollout evaluation metrics. To ensure an unbiased assessment of compositional behaviour,
training and evaluation are performed on disjoint datasets. The dataset 7 (10) is partitioned into two subsets, within
which m-step segments are formed so that no segment crosses the split boundary:

Kopig—m

7," = {(xk Wpgermot> X pem )}k=0 ’ -
anlid = {(xk sUiksom—1>Xpsm )}II:: +7 (17)

where 0 < K, ,<K-mK_. is the threshold for dividing 7 dataset in training and validation datasets.

split

The training objective 2(9) is optimised using only transitions from 7,", while all horizon H = mA¢

performance metrics are computed exclusively on Z,“. This separation prevents optimistic bias in the evaluation
of multi-step degradation.
The horizon-wise negative log-likelihood is then defined as
1 K-—m

vali o
NLL " (m) =T Kvalid Z IOg IH (xk+m | xkauk:k+m—l)7 (1 8)

m k:KW,”H

where K/ =K -m-K

o 18 the number of samples for evaluation.
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To further analyse deterministic drift accumulation, the horizon-wise mean rollout error on 7, is computed:

vulld K-m
RMSE \/ Kvalld z

km > (19)

;p/:t

where §, =x, - uHe(xk, .. ) |Ill is the Euclidean norm in R.
To additionally assess calibration of predictive uncertainty, we calculate the Prediction Interval Coverage

Probability (PICP) computed on 7%, For each validation segment, we consider the squared Mahalanobis distance
k m 6: mzm 68k m? (20)

and compare it to the X, 2095, where X, is the 95 % quantile of the chi-squared distribution with v degrees of
freedom. The horizon-wise PICP is then defined as

PICPOVgéld = ovaid szxd ZK . { Dy, < Xv2095} (21

K piic+

where 1{-} denotes the indicator function.

By evaluating NLL*(m), RMSE*“(m) and PICE)s. (m) for increasing m we obtain complementary
perspectives on compositional behaviour: distributional accuracy, mean trajectory stability, and uncertainty

calibration under recursive application. Since all metrics are computed strictly on 7,”“, these profiles reflect
genuine generalisation behaviour rather than training-set memorisation effects. The subsequent section reports
empirical results based on this validation protocol.

Empirical evaluation. The purpose of the empirical study is to evaluate the compositional behaviour of
the learned stochastic action impact operator under recursive application. In particular, we examine horizon-wise
distributional degradation, accumulation of trajectory error, and uncertainty calibration.

All experiments are conducted on a controlled synthetic environment given by a fully observable linear
Gaussian dynamical system

(22)

0.05 0.02
Xy = Ax, +Buy +g, SkNN(O,Z), 2:( ]

0.02 0.04)

where x, € R* u_e R; 4 is a randomly generated transition matrix rescaled to have spectral radius approximately
equal to 0.995; B is the control matrix sampled from a zero-mean Gaussian distribution and scaled to moderate
magnitude; X is the process noise covariance.

A single trajectory of length K = 2000 transitions is generated. Actions are piecewise constant over randomly
sampled segments of length between 5 and 25 time steps. The dataset is split chronologically according to (16)-(17)
with K = 1500.

"[Phe parameterlsatlon of the synthetic environment (22) is chosen to make recursive forecasting non-trivial
while preserving full analytical control. Rescaling the transition matrix 4 to spectral radius approximately 0.995
places the system near the stability boundary, where small one-step inaccuracies can accumulate over long rollouts.
Piecewise-constant actions generate temporally coherent interventions rather than isolated random perturbations,
making multi-step action impact structurally observable. Moderate cross-dimensional noise correlation further
prevents the problem from becoming artificially axis-aligned and yields a more informative test of distributional
propagation.

50 - . . . . .

The learned operator Z,, belongs to the minimal realisable linear Gaussian class introduced in (15), so the
experiments isolate the effect of the training objective rather than model misspecification. The spectral norm of 4,
is constrained during optimisation in order to prevent trivial divergence.

Parameter estimation minimises the composite objective 2(9) defined in (13), where the weight A controls
the contribution of multi-step consistency.

Evaluation is performed exclusively on the validation trajectory. For evaluation horizons m =1, ..., 30, we
compute multi-step NLL (18), RMSE (19) and PICP,, (21), capturing distributional degradatlon trajectory drift,
and uncertainty calibration, respectively.

The empirical analysis proceeds in two stages. First, a compact comparative table reports metric values
at three evaluation horizons m ., € {1; 15; 30}, enabling simultaneous inspection of short-, medium- and long-
horizon behaviour across combinations of A € {0; 0.5; 1; 2} and m, € {5; 10; 20} (A = 0 serves as a baseline
without compositional regularisation). Second, default A and m,  values are selected based on this table, and full
degradation profiles are visualised as metric-horizon line curves, where the vertical axis represents the metric value
and the horizontal axis denotes the evaluation horizon. For fixed A, curves corresponding to different m,  are
compared, while for fixed m_ , varying A isolates the influence of multi-step regularisation strength.

train’
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Table 1 shows validation metrics at three representative evaluation horizons m

valid

e {1;15; 30} for A € {0;

0.5;1;2} andm,_ € {5;10; 20}.
Table 1
Validation metrics atm . < {1; 15; 30} for one-step (A = 0) and multi-step (A > 0) training with different m___
m, . 1 15 30
m_ 5 | 10 | 20 5 | 10 | 20 5 | 10 20
NLL

A=0 0.906 4.393 4.395

A=0.5 1.173 1.285 1.370 3.477 3.277 3.274 3.901 3.686 3.644
r=1 1.229 1.349 1.404 3.326 3.174 3.218 3.754 3.591 3.608
r=2 1.281 1.443 1.463 3.217 3.072 3.123 3.661 3.516 3.555

RMSE

A=0 0.449 1.615 1.623

A=0.5 0.431 0.451 0.463 1.381 1.265 1.206 1.597 1.548 1.512
A=1 0.444 0.474 0.483 1.306 1.154 1.113 1.570 1.474 1.438
r=2 0.460 0.494 0.501 1.224 1.071 1.048 1.527 1.393 1.366

PICP0.95

A=0 0.9873 0.6751 0.6581

A=0.5 0.9915 | 0.9873 | 0.9915 | 0.8981 0.966 0.9894 | 0.8153 | 0.9278 | 0.9723
A= 0.9872 0.9745 0.9787 0.9469 0.9873 1 0.8874 0.966 0.9872
A= 0.9787 | 0.9214 | 0.9384 | 0.9681 | 0.9873 | 0.9957 | 0.9256 | 0.9787 | 0.9915

At the one-step level m = 1, the baseline model (A = 0) achieves the best local accuracy, with NLL equal
to 0.906 and RMSE equal to 0.449. Addmg multi-step regularisation results in slightly higher one-step NLL values,
ranging from 1.173 to 1.463 across A > 0 configurations. RMSE values remain comparable and in some cases are
even marginally lower (e.g., RMSE = 0.431 for A =0.5,m,__ =5). These results indicate a modest trade-off in local
one-step optimality when explicit multi-step consistency is enforced. Prediction interval coverage remains close
to the nominal 0.95 level at this horizon for most configurations. However, for larger regularisation and training
horizons (A =2, m__ € {10;20}) PICP,. decreases from 0.9873 (baseline A = 0 model) to 0.92-0.94, suggesting
that excessive regularisation may influence short-horizon calibration.

At the intermediate horizon m , = 15, the compositional differences become pronounced. The purely one-
step model exhibits NLL of 4.393 and RMSE of 1.615, while its calibration drops sharply to PICP ,. = 0.675. In
contrast, multi-step training reduces distributional degradation, with NLL values decreasing to about 3.07-3.48
and RMSE values dropping to 1.04-1.38 across A > 0. Most importantly, PICP . substantially improves under
multi-step training, reaching values between 0.898 and 1.00 depending on the configuration. Even under the worst
observed multi-step configuration, coverage increases by more than 0.22 relative to the baseline. The dominant
discrepancy at this horizon is therefore the severe under-dispersion exhibited by the one-step model.

At the long horizon m_,, = 30, trends seen inm_, = 15 horizon amplify further. The baseline model exhibits
NLL of 4.395, RMSE of 1. 623 and PICP,, of only 0.658, indicating persistent underestimation of predictive
uncertainty under recursive apphcatlon Multi-step training mitigates these effects across all m,__ and A > 0, with
the most notable difference again in PICP . values, where minimal improvement from baseline model equal 0.157.

Overall, Table 1 reveals a clear and systematic pattern. Optimising exclusively the one-step objective
yields slightly superior short-horizon likelihood but leads to substantial degradation under recursive composition,
particularly in uncertainty calibration, where coverage drops from approximately 0.95 to 0.66 by m , = 30.
Introducing explicit multi-step regularisation modestly increases local loss yet substantially improves long-horizon
distributional stability and restores probabilistic calibration. These results empirically demonstrate that one-step
optimality does not imply multi-step compositional robustness.

Based on the analysis of Table 1, we select A = 0.5 and m_, = 5 as default hyperparameter values for
detailed degradatlon analysis. This conﬁguratlon represents a mlnlmally regularised regime that yields substantial
improvements in long-horizon stability and uncertainty calibration, while adding only modest degradation in one-
step accuracy. Moreover, the choice of a relatively short training horizon allows us to examine whether compositional
improvements generalise beyond the horizon explicitly enforced during training. This provides a conservative and
structurally informative setting for analysing recursive degradation profiles.

Figure 1 presents detailed degradation profiles of the validation metrics as functions of the evaluation horizon

m .. € 11,...,30}. The figure contains six panels arranged in two columns and three rows, with rows corresponding
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to NLL, RMSE, and PICP .. The left column fixes m, =5 and compares different values A, thereby isolating the
effect of multi-step regularisation strength. The right column compares different training horizons m,  at fixed
A =0.5.

When analysing NLL as a function of m_,, (the top left graph in Figure 1), the baseline model (A = 0)
exhibits rapid growth, reaching around 4.4 by m_ = 30. Introducing multi-step regularisation substantially reduces
this degradation. Increasing A flattens the NLL curve, with A = 2 producing the slowest growth across horizons
and achieving similar values as A = 1. This confirms that even short-horizon multi-step enforcement (m,_ = 5)
significantly improves compositional stability.

A similar pattern is observed for RMSE (the middle left graph in Figure 1). The baseline trajectory error grows
quickly, whereas larger A values systematically reduce long-horizon drift. The improvement is monotonic in A,
suggesting that stronger compositional regularisation directly mitigates accumulation of mean error under recursive
application.

The most striking effect appears in the PICP .. panel (the bottom left graph in Figure 1). For A = 0,
coverage drops sharply below the nominal 0.95 level after m , = 3 and stabilises near 0.66, indicating systematic
underestimation of predictive uncertainty. In contrast, increasing A dramatically improves calibration. While A =
0.5 still shows gradual decline at longer horizons, A = 1 and A = 2 maintain coverage much closer to the target level
across all horizons. This demonstrates that multi-step regularisation primarily corrects uncertainty miscalibration
induced by recursive composition.

Overall, left column of Figure 1 shows that increasing A improves long-horizon stability and calibration,
while preserving reasonable short-horizon accuracy. Although training is enforced only up to m, =5, the most
pronounced reductions in NLL and RMSE are observed in the range m , ~ 10-15, and for PICP ,, in the range
m_ =~ 5-15. This indicates that compositional improvements generalise beyond the explicitly enforced training

valid
horizon and remain beneficial at longer evaluation horizons.
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The right column of Figure 1 analyses how the training horizon influences degradation when the regularisation
strength is fixed at a moderate value (A = 0.5). The curve labelled m, = 0 corresponds to the baseline one-step
model and provides a direct point of reference.

For NLL, increasing m consistently reduces long-horizon degradation. While the baseline model (m, , = 0)
rapidly approaches values above 4.3, larger training horizons (10 and 20) produce noticeably flatter curves, even
beyond the enforced training range. Importantly, improvements remain visible well beyond m, , indicating partial
generalisation of compositional consistency.

The RMSE curves exhibit analogous behaviour. Largerm
drift, especially beyond m . ~ 10. The difference between m,_ =5 and m, . = 10 is already substantial, while
further increase to m, . = 20 yields additional but diminishing improvements.

In terms of calibration, the baseline model shows severe under-coverage, stabilising near 0.66. With A = 0.5,
increasing m, . significantly mitigates this collapse. Although coverage gradually declines with horizon, larger
training horizons remain closer to the nominal 0.95 level. This suggests that multi-step consistency over longer
segments enhances uncertainty calibration under recursive rollout.

Thus, Figure 1 confirms the conclusions drawn from Table 1. The regularisation strength A primarily controls
the magnitude of compositional correction, whereas the training horizon m,  determines how far this correction
generalises under recursive application. The baseline one-step model exhibits rapid metric degradation and severe
uncertainty underestimation, while multi-step training improves long-horizon stability and probabilistic calibration.

Importantly, these improvements are not limited to horizons up to m, . In many cases, the gap between the
baseline and multi-step models continues to widen for m_,, > m, . This suggests that multi-step regularisation
induces structural adjustments to the learned operator that generalise beyond the explicitly optimised segment length.
Overall, the results provide empirical evidence that one-step optimality does not imply compositional stability and
that explicit training under operator composition yields more robust long-horizon behaviour.

Conclusions and directions for future work. This paper investigated the problem of learning stochastic
action impact operators under recursive composition, with particular emphasis on the distinction between one-step
optimality and multi-step compositional stability. We formalised the operator as a conditional stochastic mapping
and introduced a training objective that augments the standard one-step negative log-likelihood with an explicit
multi-step consistency term.

Experiments on a fully observable linear Gaussian system showed that one-step maximum-likelihood training
alone does not ensure robust recursive behaviour. Although the baseline model achieves the best short-horizon
likelihood, it undergoes rapid degradation and strong underestimation of predictive uncertainty under repeated
application. In contrast, explicit multi-step regularisation improves long-horizon stability and calibration, and these
gains persist beyond the enforced training horizon, indicating structural rather than merely local improvements in
the learned operator.

Taken together, the theoretical formulation and empirical results support the central claim of the paper: one-
step optimality is insufficient when the operator is intended for recursive use, and explicit training under composition
is needed for stable and well-calibrated long-horizon behaviour.

Directions for future work include relaxing full observability through latent-state representations, extending the
framework to nonlinear and high-dimensional settings, investigating adaptive weighting of the multi-step objective,
and linking compositional operator to downstream sequential decision-making and decision-support tasks.

_values lead to reduced accumulation of trajectory
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