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CONTROL DEVICES FOR PROJECTION REFLECTIONS IN THE PHASE SPACE  
OF STRANGE ATTRACTORS OF DYNAMIC CHAOS GENERATORS

One of the ways to experimentally test the proposed mathematical models that exhibit the properties of deterministic 
chaos is to implement them using «analog computers». Depending on the dimensionality of the system, three or more signals 
are obtained, the spectrum of which can be analyzed. However, the most obvious evidence of chaotic behavior is strange 
attractors. A two-dimensional version of attractors is obtained by applying two signals to an oscilloscope that is switched to 
the X-Y mode. In this way, three projections are obtained, although the minimum dimensionality of the system implies that 
the object is three-dimensional. There are digital ways of displaying strange attractors in 3D using special consoles; they are 
connected to the system under study and to a personal computer. The greater the accuracy of such a set-top box, the higher 
its cost. However, it is possible to implement the display of a strange attractor on the oscilloscope screen in pseudo-3D using 
simple mathematical operations. With this approach, no information is lost during signal processing, and the cost of the device 
is lower. The structure of the object of study can be compared to a mathematical simulation by rotating it in phase space 
immediately after connecting three signals to the console, without additional programs. The basic mathematical operations 
are realized with the help of operational amplifiers, inverters, analog multipliers, and sin/cos potentiometer analogs. The 
article is devoted to a number of devices-attachments to the oscilloscope that make it possible to rotate strange attractors 
in pseudo 3D along two or three axes. The presented works contain device schematics and the necessary information for 
independent implementation. These studies demonstrate the sequence of development of the idea, the gradual departure 
from the analog sin/cos potentiometer to its digital counterparts, and the expansion of the rotation range from 90 to 360 
degrees. The possibility of drawing a sectional plane along one of the axes and obtaining a Poincaré section is controlled. 
The main structural elements of the devices are defined, and the operation of some of them is briefly described. For a better 
understanding of the operation of such devices, images illustrating rotations in phase space are shown. A certain number of 
images were converted from black and white to color and further processed. The prospective development of such devices has 
been determined. 

Key words: dynamic chaos, attractor, generator, Poincaré section, phase plane, device, signal, mathematical model.

Семенов А. О., Хльоба А. А. Пристрої керування відображеннями проекцій у фазовому просторі дивних 
атракторів генераторів динамічного хаосу 

Одним з способів експериментальної перевірки запропонованих математичних моделей, які проявляють вла-
стивості динамічного хаосу, є реалізація їх за допомогою «аналогових комп’ютерів». В залежності від розмірності 
системи отримують три та більше сигналів, спектр яких можна проаналізувати. Але найбільш наглядним доказом 
хаотичної поведінки є дивні атрактори. Двовимірну версію атракторів отримують шляхом подачі двох сигналів на 
осцилограф, який переведений в режим X-Y. Таким чином отримують три проекції, хоча мінімальна розмірність сис-
теми передбачає, що об’єкт тривимірний. Існують цифрові способи відображення дивних атракторів в 3D за допо-
могою спеціальних приставок, вони підключаються до досліджуваної системи і до персонального комп’ютера. Чим 
більша точність такої приставки тим більша її вартість. Однак наявна можливість за допомогою простих матема-
тичних операцій реалізувати відображення дивного атрактору на екрані осцилографа у псевдо 3D. При такому підході 
не втрачається інформація при обробці сигналу, вартість приладу менша. Структуру об’єкта дослідження можна 
порівняти з математичною симуляцією обертаючи його в фазовому просторі відразу після підключення трьох сигналів 
до приставки, без додаткових програм. Основні математичні операції реалізуються за допомогою операційних підси-
лювачів, інверторів, аналогових помножувачів і аналогів sin/cos потенціометра. Стаття присвячена ряду пристро-
їв-приставок до осцилографу які дають можливість обертати дивні атрактори в псевдо 3D по двох, або трьом осям. 
У наведених роботах наявні схеми приладів і необхідна інформація для самостійної реалізації. Приведені дослідження 
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демонструють послідовність розвитку ідеї, поступовий відхід від аналогового sin/cos потенціометра до його цифрових 
аналогів, розширення діапазону обертання від 90 до 360 градусів. Керована можливість проведення площині перерізу 
по одній з осей і отримання перетину Пуанкаре. Визначено основні структурні елементи приладів, коротко описано 
роботу деяких з них. Для кращого розуміння роботи таких пристроїв наведені зображення які ілюструють повороти 
у фазовому просторі. Певна кількість зображень була перетворена з чорно білих на кольорові і додатково опрацьовано. 
З’ясовано перспективний розвиток таких приладів.

Ключові слова: динамічний хаос, атрактор, генератор, перетин Пуанкаре, фазова площина, пристрій, сигнал, 
математична модель.

Formulation of the problem. The study and search for new mathematical models exhibiting the proper-
ties of dynamic chaos are often carried out not only with the help of specialized software but also by creating 
real prototypes of the proposed models. They can be carried out by a set of discrete elements, analog computer 
(operational amplifiers, analog multipliers, logic elements – carrying out mathematical operations) or with the 
help of programmable gate arrays (FPGA). Often the papers compare the results of: numerical modeling; simu-
lation (PSpice, MultiSIM, OrCAD); and the characteristics of a real prototype. In case of exclusively software 
implementation and simplification of the mathematical model, strong discrepancies with the more real case are 
possible [1], a large number of differences in the software and real implementation can be found in [2] when 
considering strange attractors. The structure of such objects is given in 3D exclusively in the software reali-
zation, and when modulating in the simulator or on the oscilloscope screen exclusively in the X-Y mode, less 
often in the X-Y-Z mode. The researcher is limited to three options for displaying the strange attractor (X-Y, 
Y-Z, X-Z), choosing two signals from the electronic realization of the system of equations under study. This, in 
the case of a simple attractor shape, is sufficient for perception and comparison with the software version. How-
ever, this approach does not give an idea of depth and causes difficulties in studying the structure in the case of 
attractors of complex shapes [3-5]. 

Analysis of recent research and publications. The development of semiconductors has made operational 
amplifiers, various logic elements, as well as microcontrollers, FPGAs, and the development of programmable 
analog arrays (FPAA) [6] very accessible. The realization of dynamic chaos generators solely on discrete ele-
ments is becoming less common. Often the developed systems are tested in practice using an analog computer 
[2, 6]. The approach to the synthesis of such systems is reviewed in [7], the synthesis of individual elements to 
create nonlinear circuits is described in detail. A modular construction system as a tool for teaching problems 
is tested in [8], the combination of modules allows generating more than 30 strange attractors. Another paper 
proposes a simple and flexible analog computer for the study of linear and nonlinear systems [9]. The design 
of electrical circuits based on differential equations, synchronization and the use of FPAA is devoted to [10]. A 
hybrid analog computer capable of modeling systems up to fourth order is proposed in [11], all necessary infor-
mation for its replication is available. A detailed guide to the application and use of such systems is described 
in [12], historically the development is given in [13]. Modern commercial versions of analog computers are 
proposed in [14, 15]. The implementation of the circuit using FPGA is discussed in [16]. The paper describes a 
way to rotate the attractor in 2D as part of an implementation on an FPGA, it is assumed that the parameter φ 
can be used as an additional parameter for information encoding. A development of the work is [17], now the 
rotation is possible in 3D using the developed algorithm CORDIC (Coordinate Rotation Digital Computer), 
which performs calculations of sine and cosine functions, for systems with fractional order. Realization of both 
works is carried out on FPGA and part of information is lost due to transformations on DAC and ADC. Also 
used expensive FPGA – Artix-7 XC7A100T, so this method is not universal for the study of the structure of 
attractors of complex shapes [18, 19].

The above-mentioned robots allow to realize the system of equations in the form of an electric circuit and 
display a strange attractor on the oscilloscope screen in X-Y mode. However, in none of the reviewed works, as well 
as numerous works devoted to the study of dynamic chaos generators, no application or description was found, as 
separate and universal, of devices that allow to consider strange attractors in pseudo 3D and with the ability to rotate 
them in phase space. 

The purpose of the article. Consideration of existing methods of visualization of 3-dimensional signals 
using oscilloscope in X-Y mode, i.e. conversion of signals of 3D objects into pseudo 3D by displaying them on 2D 
oscilloscope screen. Providing some found works devoted to such devices, variants of their practical realization and 
use. Identification of key structural elements of such devices and prospects for further development. 

Presenting main material. Rotation matrices are used to rotate a three-dimensional image by an angle φ in 
the Cartesian coordinate system. By multiplying the original point coordinates with one of the orthogonal matrices, 
new point coordinates are obtained. Rotation matrices and coordinates of points in rotation along one of the axes 
can be written as specified in (1). In the case of sequential rotation along two axes, the coordinates obtained at the 
first step are multiplied with another rotation matrix.
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                        (1)

where Mn �� �  – rotation matrix along one of the axes; x,y,z – coordinates of the initial point; x′,y′,z′ – coordi-
nates of the point rotated by some angle φ.

An example of such an approach is described in [20, p. 127]. There are several ways to perform the above 
transformations, in the considered work are used already practically unavailable sin/cos potentiometer (another 
possible option is a resolver), a simplified scheme is shown in Figure 1. To perform the operations and obtain the 
required sign, an inverter (to obtain -zsin(φ)) and two adders are used. Points A, B, C, D are the sin/cos leads of the 
potentiometer from which are taken: zcos(φ), xcos(φ), xsin(φ), zsin(φ). The case mentioned in the paper illustrates 
two consecutive rotations, along the Y-axis, then X′. The third obtained signal Z′′ can be fed to the Z input of an 
oscilloscope (if available), thereby adjusting the luminance of the outlying areas. The rotation angle of the above 
circuit is limited to 90 degrees due to a design feature of the potentiometer. 

A later work [21] also uses a sin/cos potentiometer, but to rotate the 2D image, but the input signal is not 
fed directly to the potentiometer, but to 4 analog multipliers, the sin/cos signal is taken from the potentiometer (or 
it is possible to feed signals from an external oscillator bypassing the element). Improvements to this circuit are 
presented in [22], it consists in reducing the noise affecting the stability of the output signal. For this purpose, the 
authors replace the sin/cos potentiometer with a “resistive ladder” and 4 computer-controlled multiplexers, inverters 
and 4 buffers. 

 
Fig. 1 Schematic diagram of the image rotation attachment based on sin/cos potentiometer in series on two axes

Thus, the circuit allows to rotate the 2D image with a step of 15 degrees (7 gradations within the first quad-
rant). After buffering, the summation of signals takes place at the differential inputs of the display, or, in the absence 
of such inputs, in the case of an oscilloscope, adders are added before the buffers. Rotation by 360 degrees is possi-
ble by supplying the opposite end of the “resistive ladder” with an anti-phase signal (-X, -Y). A different scheme is 
proposed in [23], the sin/cos potentiometer is replaced by a pair of EPROMs and a set of multiplying DACs to which 
the X, Y lines are also connected. The adjustment is done with a conventional potentiometer and ADC (controls the 
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EPROM pair), the rotation step is about 0.35 degrees (256 bits provide 90 degrees rotation). Two polarities of the 
signal (-sin(x), -cos(x)) are provided by inverters, then through multiplexers the received signal is mixed and fed to 
the buffer from which X′, Y′ are taken. The considered works cannot be directly used for rotation of strange attrac-
tors in 2D since the proposed schemes are designed for specific specific purposes (study of visual stimuli; rotation of 
an image obtained from an electron microscope). However, they demonstrate a tendency to replace sin/cos potenti-
ometer with its digital analogs and basic blocks for performing mathematical operations using an analog computer.

Mention of further development can be found in [24], a number of methods for the study of nonlinear dynam-
ics are given, including the work of [25]. It describes a multifunctional analog device that allows: to rotate strange 
attractors in pseudo-3D by 360 degrees relative to any axis continuously or manually; to perform a plane section 
in phase space along one of the axes; to display the upper or lower part of the split attractor; to display a Poincaré 
section along one of the axes by controlling the position of the section surface, and it is possible to display the 
“first return” in the forward and backward directions. The grid of dots indicates the reference plane (X-Y plane is 
accepted) for better understanding of the relative position of the projection plane. The limitation of the device is 
the frequency range from 0 to 20 kHz, but by replacing the microcircuits with higher-frequency ones it is possible 
to extend the specified range. For a more visual explanation are given the figures from this work (Figure 2, 3), they 
were converted from black and white to color with the help of visual-paradigm service. 

 
(a)                                     (b)                                       (c) 

 
(d)                                     (e)                                        (f) 

Fig. 2. Projections on the plane Vc1-Vc2 (a), three-axis rotation (b), rotation by some degree, projection to X0-Y0 (c), top 
part of the attractor (a) when rotated by angles (b) at different projections (d-f) [25]

The planes on which the attractor projections fall have been added to each figure. In the case of (d-f) the posi-
tion of the reference plane is indicated. The figures show a strange attractor, the signals for which are obtained from 
the Chua scheme [26]. The Figure 2 show the following: (a) – projection of the strange attractor on the plane Vc1-Vc2 
without rotation; (b) – explanation of rotation in two-dimensional space, where numbers in axis indices indicate the 
order of rotation with respect to axes by angles -φx(50.6), -φy(18.3), φz(166); (c) – rotated attractor, projection on the 
plane X0-Y0, rotation angles are not specified in the work; (d-f) – upper part of the rotated attractor by angles (b) and 
its projections on the planes X0-Y0, X0-Z0 и Zo-Yo.

Figure 3 show the following: (a) – Projection of the attractor on the plane (-IL)-Vc1, three planes of cross sec-
tions S1-S3 in phase space are shown in red color; (b-d) Poincaré cross section in forward and backward directions, 
trajectory directions are indicated by the red arrow (the instrument can display either or both); (e-f) – The attractor is 
rotated to φz(56.3), is the map of the first return in the forward direction, projected on the plane X0-Y0. The extended 
structural diagram of the device is shown in Figure 4. 
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(a)                                      (b)                                         (c) 

 
(d)                                      (e)                                         (f) 

Fig. 3. Projection of an unrotated attractor in the plane (-IL)-Vc1 (a), cross sections in the phase plane S1-S3 (b-d), 
rotated attractor (a) and cross-sections in the phase plane S1-S2 (e-f) [25]

 
Fig. 4. Structural diagram of the device for rotation and section creation [25]

The (Pre.Amp.) blocks provide pre-scaling of the input signal. Block (Timing.Gen.) and multiplexer (M1) 
provide continuous rotation or manual input of the rotation angle, in the proposed design the input is provided by 
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dialing a binary number from 0 to 512 using latching buttons, step 0.7 degrees (in [23] the input was performed 
with a smaller step, but with less control). Three blocks (Counter) are required to perform continuous rotation and 
angle control, if it is not required can be replaced by a switch. Through the data buses (Bus A, B) information about 
the selected angle is entered into the ROM, coefficients from it into the unit of rotation operation. Three two-di-
mensional rotation devices (Rot. 0-1) and a permanent memory device (ROM) are used, the principle is similar to 
[23]. At the output there are 4 sampling and storage units (S&H), comparator (Comp.), which allows to realize the 
display of Poincaré section, upper or lower part of the attractor relative to the section plane (control is convention-
ally designated as potentiometer Con.2). The set reference signal (r) controls the distance from the selected plane 
(conventionally labeled as potentiometer Con.1) to the section surface. This mode is enabled by the switch (Sd), 
change of the projection plane by the switch (S1). A more detailed explanation with many examples and a complete 
schematic diagram with element ratings and additional information for making the device can be found in [25]. A 
simpler device, but based on a modern element base, is given in [27]. The appearance of the device is shown in 
Figure 5 (a), the demonstration of the rotation of the attractor obtained by realizing the Lorentz system by different 
angles is shown in Figure 5 (b-i) [28]. 

 
(a)                                     (b)                                    (c) 

 
(d)                                     (e)                                     (f) 

 
(g)                                      (h)                                    (i) 

Fig. 5. Prototype device pseudo 3D rotation (a), strange atractor at different angles (b-i) [28]

The device is only used to rotate the attractor, in two axes. The rotation is available for 360 degrees. The 
principle of operation is similar to the works [23, 25]. The device can be divided into the following blocks: signal 
pre-scaling; rotation angle adjustment; rotation angle expander up to 360 degrees; analog computer to perform 



275ISSN 2521-6643                                         Системи та технології, № 1 (69), 2025

mathematical operations; rotation angle indication and generation of control signals. Replacing the ROM with a 
PIC16F874 microcontroller made it possible to add the indication of the rotation angle for two axes on LED indica-
tors. It also, together with the two digital potentiometers, performs the function of sin/cos potentiometer. Similarly, 
together with the inverting stages, it provides an extension of the swing angle range up to 2π. The rotation step is 
1 degree, and the control is realized on two potentiometers, coarse and fine, for each of the two axes. The frequency 
range is limited to 20 kHz, but can be extended by replacing the element base. Even greater demonstration can be 
achieved using stereoscopy methods, which can be used to a greater extent in laboratory work, such methods are 
described in detail in [29]. 

Conclusions. The variants of realization of devices for rotating attractors in phase space and displaying the 
projection on one of the planes were considered. The main element of such devices is a sin/cos potentiometer or 
its analog. It is used to realize an orthogonal transformation that allows to rotate 3D objects into pseudo-3D. This 
element can be realized with the help of a bundle: ADC, ROM with coefficient table, digital-to-analog multiplier. 
Changing the ROM to a microcontroller allows additional functions to be introduced, e.g. indication and rotation 
angle extension. Thereby reducing the overall size of the device. Combining and modifying the developments of 
[25, 27] is promising. Transfer of the device to modern element base, increase of frequency range, control of rota-
tion of dynamic chaos generators of greater dimensionality, more control over the rotation angle (input of binary 
number/controller) and separate functions of the device. For example, Poincaré section, displays of the top and 
bottom of the attractor (separated by the section plane), distance to the section plane, switching between projections, 
automatic/manual rotation.
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